Preliminary exercises
Representation theory. Exercise 1. Write down the irreducible representations of S 3 and D 10 (throughout S n (resp. A n ) will denote the symmetric (resp. alternating) group on n elements, and D 2n will denote the dihedral group of order 2n).
Exercise 2. Using the fact that S 4 /V 4 ∼ = S 3 , find the irreducible representations of S 4 (or their characters), where V 4 denotes the Klein group. Here ζ 3 denotes a primitive cube root of 1.
Exercise 2.
Compute the corresponding Galois groups, inertia groups, wild inertia groups and Frobenius elements.
Elliptic curves.
Exercise 1. Show that the elliptic curve E : y 2 +y = x 3 −x 2 has split multiplicative reduction at 11 and good reduction at all other primes. Compute #Ẽ(F 2 ), #Ẽ(F 5 ) and #Ẽ(F 11 ).
Exercise 2. Find an elliptic curve with additive potentially good reduction at 5, and another with additive potentially multiplicative reduction at 5.
Artin representations
Throughout these lectures K will denote a field of characteristic zero. We will abuse notation for representations and use the same symbol both for the homomorphism G → GL d (C) and for the underlying vector space. Definition 1. An Artin representation ρ over K is a finite dimensional complex representation of Gal(K/K) that factors through a finite quotient by an open subgroup, i.e. there is a finite Galois extension F/K such that Gal(K/F ) ⊆ ker ρ, so that ρ corresponds to a representation of Gal(F/K).
• Let ρ be the two dimensional irreducible representation of S 3 :
It gives an irreducible representation of Gal(K/K) by
• Let ǫ be the sign representation of S 3 : ǫ(s) = 1 and ǫ(t) = −1. This gives a 1-dimensional Artin representation of Gal(K/K) which is the same Artin representation as when taking F = Q 5 (ζ 3 ) and the non-
• The trivial representation ρ = 1 gives the same Artin representation over K for all F/K.
Notation:
When K/Q p is finite and F/K is a Galois extension, we write:
• π K for a fixed uniformizer of K;
• O K for the ring of integers of K;
• v K for the normalized valuation on K;
• F K for the residue field of K (of characteristic p), with q = #F K ;
• I F/K for the inertia group, i.e. the subgroup of Gal(F/K) that acts trivially on the residue field of F :
when F/K is finite.
• Frob F/K for a Frobenius element, i.e. any g ∈ Gal(F/K) that induces the Frobenius automorphism x → x q on the residue field of F .
F/K for the "geometric Frobenius". Definition 3. For an Artin representation ρ over a local field K its local polynomial is
where ρ factors through F/K and ρ I F /K is the subspace of ρ of I F/K -invariant vectors.
Note that as I F/K is a normal subgroup, ρ I F /K is a subrepresentation of ρ, and that P (ρ, T ) is essentially the characteristic polynomial of Φ F/K on this subspace.
3), as in the previous example. Here I F/K ∼ = C 3 = Gal(F/K(ζ 3 )) and Frob F/K = t, an element of order 2. For the trivial representation,
where P p (ρ, T ) is the local polynomial for ρ restricted to Gal(K p /K p ). The Euler product is known to converge for ℜ(s) > 1 to an analytic function.
Let K = Q and ρ be the order 2 character of Q(ζ 3 )/Q. Then P (3) (ρ, T ) = 1,
the L-function of the non-trivial Dirichlet character Z/3Z → C × .
Fact: Artin L-functions of 1-dimensional Artin representations over Q correspond to Dirichlet L-functions of primitive characters.
Basic properties. (i) For ρ 1 and ρ 2 Artin representations over a local field K, we clearly have
(ii) When F/K is a finite extension and ρ is an Artin representation over F , then
where f is the residue degree of F/K and P F (ρ, T ) is the local polynomial for the Artin representation ρ over F and analogously for
If F/K is a finite extension and ρ an Artin representation over F , then L(ρ, s) = L(Ind ρ, s), where the first is an Artin L-function over F and the second over K.
Remark. Artin L-functions of 1-dimensional representations are known to be analytic on C (except for a pole at s = 1 for ρ = 1). Brauer's induction theorem taken together with (iii) then shows that all Artin L-functions are meromorphic.
Conjecture (Artin). Let ρ = 1 be an irreducible Artin representation over a number field. Then its L-function is analytic.
Definition 7. For an Artin representation ρ over a local field K, its conductor exponent n ρ is
and
where ρ factors though Gal(F/K) = G, and I = I F/K = I 0 and
are the higher ramification groups (with the lower numbering). So, in particular,
We say that ρ is unramified (resp. tame) if n ρ = 0 (resp. if n ρ,wild = 0), equivalently, if I (resp. I 1 ) acts trivially on ρ. The conductor of ρ is the ideal N ρ = (π nρ ).
Remarks. We clearly have:
One can show that when ρ is irreducible and ramified,
where G i is the i-th ramification group in the upper numbering.
Theorem 8 (Swan's character). Let ρ be an Artin representation of a local field K, which factors through Gal(F/K). Then
where
v F is the normalized valuation of F and ·, · is the representation theoretic inner product for characters of I F/K .
Theorem 9 (Artin). n ρ ∈ Z.
Theorem 10 (Conductor-discrimant formula).
Let F/K be a Galois extension with an intermediate field L, and let ρ be a representation of
and Nm L/K the relative norm.
Definition 12. The conductor of an Artin representation ρ over a number field
where n p (ρ) is the conductor exponent of ρ restricted to Gal(K p /K p ).
Theorem 13. The Artin L-function of ρ satisfies the functional equation:
is the dimension of the ±-eigenspace of the image of complex conjugation at ν, w ∈ C * with |w| = 1 is the global root number and
Exercises to Lecture 1 Exercise 1. For each irreducible Artin representation over Q that factors through Q(ζ 3 , 3 √ 3) determine its conductor and the first 5 coefficients of its Artin L-series n≥1 a n n −s .
Exercise 2. 
Remark. An l-adic representation is continuous if an only if for all n there exists a finite Galois extension F n /K such that Gal(K/F n ) → Id mod l n , i.e. such that ρ mod l n factors through a finite extension F n /K (except that the image of ρ may have denominators, so ρ mod l n may not actually be well-defined). An Artin representation ρ that factors through F/K can be realized over Q, and hence also over a finite extension F /Q l . It maps Gal(K/F ) to Id, so we can take F n = F for all n to see that it is continuous.
Example 15 (Cyclotomic character
We then define the l-adic cyclotomic character χ cyc by
Note that the value χ cyc (g) mod l n simply says what g does to the l n -th roots of 1. It is easy to check that the l-adic cyclotomic character is multiplicative, and hence gives a 1-dimensional representation,
Example 16 (Tate module). Let E/K be an elliptic curve and let P n , Q n be a basis for E[l n ] with lP n = P n−1 and lQ n = Q n−1 . For g ∈ Gal(K/K), we define 0
and generally
is the representation on the l-adic Tate module of E. Here we can take F n = K(E[l n ]) to see that ρ is continuous, and the value of ρ(g) mod l n says what g does to E[l n ].
Remarks.
(i) Let K/Q p be a finite extension and F /Q l with l = p. Then Frob K (ζ l n ) = ζ q l n and I K/K acts trivially on ζ l n for all n. In other words
(ii) If ρ is the representation on the Tate module of an elliptic curve, then det ρ = χ cyc , i.e. the determinant of the matrix ρ(g) simply depends on the action of g on ζ l n for all n. This is because the Weil pairing E[l n ] × E[l n ] → µ l n is alternating and Galois equivariant (and is, effectively, the determinant map). (iii) For elliptic curves, when K/Q p is a finite extension and l = p, one usually uses the dual representation
this is the same as the representation on H
Definition 17. Let K/Q p be a finite extension and
and its conductor exponent is n ρ = n ρ,tame + n ρ,wild with
where F/K is a finite extension, large enough so that the action of the wild inertia group factors through F/K. (This exists: one can take F = F 1 so that the image
The image of wild inertia is trivial since it is a (pro) p-group and this matrix group a (pro) l-group). The conductor of the representation ρ is N ρ = (π) nρ .
Definition 18. For an elliptic curve E over a number field K, its L-function is defined by the Euler product
,
for any l not divisible by p. It converges for ℜ(s) ≫ 1. Its conductor is N E = p p np,ρ E and it conjecturally satisfies the functional equation:
Remark. This construction of L-functions applies more generally to "compatible systems of l-adic representations " (e.g. from Artin representations, abelian varieties, H í et of varieties, motives). The exact formula for the Γ-factors and the root number w is explicitly given using the associated Hodge structure and the theory of local ǫ-factors of l-adic representations.
The l-adic representation of an elliptic curve
Recall that to an elliptic curve E/K we have associated an l-adic representation ρ E . We now relate its properties to the arithmetic of E in the case when K is a local field.
Theorem 19. Let K/Q p be a finite extension, E/K an elliptic curve, and let (1), (2) and (3), if E/K has good reduction then
(iii) By (1) and (3):
) of order 3 (inertia group) and Φ L , the geometric Frobenius over L. They satisfy the relation
3 (it is nontrivial as there is bad reduction, so it has order 3, and it has determinant 1 by the Weil pairing) and
A little algebra shows that, with a suitable choice of
Classification of l-adic representations
Throughout this section K is a finite extension of Q p and l = p a prime.
Example 21.
In the last lecture we had E/Q 5 with l-adic repre-
, (where g = I ∼ = C 3 has order 3 and g(
The representation ρ E can clearly be written as
where ρ is the 2-dimensional representation of Gal(Q 5 (ζ 3 ,
and ψ satisfies ψ(I) = 1 and ψ(Φ) = √ −5.
This decomposition works as
is central in Gal(Q 
It is not too hard to show that for irreducible l-adic representations with finite image of inertia, Φ K/K must act semisimply.
Let us now consider an l-adic representation for which the image of inertia is infinite. Let E be an elliptic curve over K, with K/Q p finite, such that E has split multiplicative reduction, and let ρ E : Gal(K/K) → GL 2 (Z l ) be the associated l-adic representation. Then P (ρ E , T ) = 1 − T , so there is a 1-dimensional I-invariant space with trivial Φ K/K action:
cyc , it follows that det ρ E (h) = 1 for all h ∈ I, and so ρ E (h) = 1 * 0 1 for h ∈ I with * ∈ Z l
and not always zero (as otherwise there would exist a 2--dimensional inertia invariant subspace, which is not the case).
Hence, the image of inertia mod l n is of the form
As for every n it is contained in a cyclic group of order l n , the wild inertia (a p-group, p = l) maps to Id, and the tame inertia Gal(K tame /K nr ) ∼ = p ′ =p Z p ′ is such that only Z l can act non-trivially (and must do so). So if
More explicitly,
where t l : I → Z l is the l-adic tame character given by h(
Remark. Once we have 1 t l 0 1 on I and 1 ? 0 ? on Φ L , the rest is in fact forced by the commutation relations of Φ L and I. In particular det ρ E has to be χ
Definition 24. The special representation sp(n) over K is the (n+1)-dimensional l-adic representation given by:
where t = t l (h) is the l-adic tame character, and
, where q = #F K .
In particular sp(0) is the trivial representation, and sp(1) agrees with the one associated to an elliptic curve with split multiplicative reduction. Example 26. Let E/K be an elliptic curve with split multiplicative reduction.
Then ρ E has infinite inertia image, so, by the theorem, ρ E = ρ ⊗ sp(1) where ρ is 1-dimensional with local polynomial 1 − T . Therefore, ρ = 1 and ρ E (g) = sp(1).
Independence of l
Example 27. The l-adic cyclotomic character is defined such that χ cyc (I) = 1 and χ cyc (Φ K/K ) = 1/q, where q = #F K . Morally, this does not depend on l. However, Gal(K/K) is a topological group, and limits do depend on l. For instance, the χ cyc factors through ∪ n K(ζ l n )/K, which depends on l.
Example 28. In the last lecture we had E/Q 5 with ρ E (g) = ζ 3 0 0 ζ Example 29. Let E/K be an elliptic curve with split multiplicative reduction.
Then ρ E (g) = sp(1) which again, morally, does not depend on l. (However, the l-adic tame character does).
